THE STRUCTURE OF RANK 3 PERMUTATION MODULES 
FOR Of n {2) AND U m {2) ACTING ON NONSINGULAR POINTS 



JONATHAN I. HALL AND HUNG NGOC NGUYEN 

Abstract. We study the odd-characteristic structure of permutation modules for 
the rank 3 natural actions of Of n (2) (n > 3) and U m (2) (m > 4) on nonsingular 
points of their standard modules. 



1. Introduction 

Let G be either a symplectic, an orthogonal, or a unitary group. The primitive 
rank 3 permutation representations of G have been classified in [KLj . As a result, the 
natural action of G on the set of singular points (by points we mean 1-dimensional 
subspaces) of its standard module is always rank 3 and the associated permutation 
module has been studied in many papers (see [LST\ IL1[ IL"2l 1ST] ) . On the other 
hand, the action of G on the set of nonsingular points is rank 3 if and only if G is 
orthogonal groups Of n (2) with n > 3 or unitary groups U m (2) with m > 4. The 
purpose of this paper is to describe the odd-characteristic structure, including the 
composition factors and submodule lattices, of the permutation modules for these 
groups acting on nonsingular points. 

We partly utilize the notations and methods from |L1] and |ST] . Let F be an 
algebraically closed field of cross characteristic i (i.e., i is different from the charac- 
teristic of the underlying field of G). If the action of G on a set Q is rank 3 then the 
FG-module FQ has two special submodules, which are so-called graph submodules in 
the terminology of Liebeck [LlJ. Similar to the study of cross-characteristic permuta- 
tion modules on singular points, these graph submodules in our problem are minimal 
in an appropriate sense (see Propositions 13.11 14.11 15.11 and 16.11) . When the graph 
submodules are different, their direct sum will be a submodule of codimension 1 in 
the permutation module and therefore the structure can be determined without sig- 
nificant effort. When they are the same (that is when char(F) = 3, as we will see 
later on), the problem becomes more complicated. We will look at both module and 
character points of view to handle this case. 

The complete description of submodule structures of the permutation modules is 
given in the following theorem. 
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Theorem 1.1. Let ¥ be an algebraically closed field of odd characteristic £. Let G 
be either 0% n (2) with n > 3 or U m (2) with m > 4 and P be the set of nonsingular 
points of its standard module. Then the WG -permutation module FP of G acting 
naturally on P has the structure as described in Tables 1,2,3, and 4, where the socle 
series, submodule lattices, and dimensions of composition factors are determined. In 
these tables, 5ij — 1 if i | j and otherwise. In table® where G = 0^(2), us is the 
nontrivial ¥G -module of dimension 1. 

The paper is organized as follows. In the next section, we collect some standard 
results of rank 3 permutation modules which will be used frequently later on. We also 
establish some relations between the actions of G on singular points and nonsingular 
points in §2. Each of the families of groups 0^(2), 0^" n (2), U 2n (2), and t/ 2 n+i(2) is 
treated individually in §3, §4, and §5, respectively. Proof of the main theorem for 
each family is at the end of the corresponding section. Since proofs are similar in 
many places, we only give detailed arguments for the case G = 2 4 „(2). 

Notation: Throughout the paper, Of n (2) and U m (2) are full orthogonal and uni- 
tary groups, respectively. Also, SU m (2) is the special unitary group. The commutator 
subgroup of Of n (2) is denoted by fi^(2). If G is a group, Irr(G) (resp. IBr^(G)) will 
be the set of irreducible complex (resp. £-Brauer) characters of G. We denote by x the 
reduction modulo £ of a complex character x- If V 9 ^ IBr^(G) and A is a constituent 
of ip with multiplicity k, then we sometimes say that tp has k constituents A. 

Table 1. Submodule structure of F0 2 f n (2)-module FP. 
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Table 2. Submodule structure of F0 2n (2)-module FP. 



Conditions on £ and n Structure of FP 
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where, dimAT = (2 " +1)( |" - 5 3yl , dimF = - 6 t , 2 »-u 

and dimZ = (2 " +1)( 3 2 "' 1 ' 2) - 1 + 5 e ^-i- 



Table 3. Submodule structure of FC/ 2 n(2)-module FP. 



Conditions on £ and n 
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where, dimX = g!^|!n±ll ; dimr = (2 2 "+2)(2 2 "-4) _ = 2^1 ; 

dim ^ = (2 2 "-l)(2 2 "~ 1 + l) _ j _ ^ ^ = (2 2 "-l)(2 2 "~ 1 -2) ^ 
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Table 4. Submodule structure of F£7 2 n+i(2)-module FP. 



Conditions on I and 



£/2,3;^(2 2n+1 + l) 
l± 2, 3;£ | (2 2n+1 + l) 
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2. Preliminaries on rank 3 permutation modules 

We start this section by recalling some results on rank 3 permutation modules 
from [Hi] and [L"T] . 

Let G be a permutation group of rank 3 acting on the set Q. Then, for each a G Q, 
G a , the stabilizer of a, acts on Q with 3 orbits {a},A(a), and $(a). We choose 
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the notation so that A(a)g = A(ag) and ${ot)g = <&(ag). Define the following 
parameters associated with the action of G on Q: 

a = |A(a)|,6=|$(a)|, 

r = |A(a) n A(/3)| for /9 G A(a), 

s = |A(a) n A(7)| for 7 G 

These parameters do not depend on the choices of and 7. 

Let F be a field of characteristic £ and FQ the associated permutation FG-module. 
For any subset A of Q, we denote by [A] the element £<5ga<5 of FQ. Set S(Ffi) = 
{E we n I a ^ e F ' E a " = °) and r(Ffi) = {c[Q) I c G F}. Note that S(FQ) and 
T(FQ) are FG-submodules of FQ of dimensions — 1, 1, respectively. Moreover, 
T(FQ) is isomorphic to the one-dimensional trivial module. We define a natural inner 
product on FQ by 

It is easy to see that (., .) is non-singular and G- invariant. In particular, FQ is a 
self-dual FG-module. If U is a submodule of FQ, we denote by U the submodule 
of FQ consisting of all elements orthogonal to U. 

For any element c G F, let U c be the FG-submodule of FQ generated by all elements 
of the form v c>a = ca + [A(a)], a G Q and U' c be the FG-submodule of U c generated 
by all elements f CjQ — u CjJ g = c(a — 0) + [A(a)] — [A(/3)], a, /3 G fl It is obvious that 
is always contained in S(FQ). The following lemma tells us that U' c = S(FQ) for 
most of c. 

Lemma 2.1 ( |Llj ). 7/c is not a root of the quadratic equation 
(2.1) x 2 + (r - s)x + (s - a) = 0, 

i/ien = S(FQ). Moreover, if c and d are roots of this equation then {v c>a ,v^p) = s 
for any a, (3 G Q. Consequently, (U' c , U4) = (U' d , U c ) = 0. 

Define a linear transformation on FQ as follows 

T: FQ -+ FQ 
a ^ [A(a)\. 

It is easy to see that T is an FG-homomorphism. Let c, d be the two roots of 
equation (12. ip . We have 

T(v c>a ) = c[A(a)] + ^ [A(<5)]=c[A(a)] + aa + r[A(a)]+s[$(a)]. 

5GA(a) 

Therefore, 

r(V - v CtP ) = (a - s)(a - P) + (r - s + c)([A(a)] - [A(/3)]) 
= _ c rf(« _ /?) _ d([A(a)} - [A(/3)]) = -d( u<y , - 
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Thus, for any v G U' c , T{y) = —dv. Similarly, for any v G U' d , T(v) = —cv. U' c and 
U' d are called graph submodules of the permutation module WQ. 

Now we study more details about the permutation modules for Of n (2) or U m (2) 
acting on nonsingular points. Let G be either Of n (2) or U m (2). Let P and P° be 
the sets of nonsingular and singular points, respectively, of the standard module 
associated with G. Define 

FP° 
[A(a)] 

FP 

[r(«)], 

where A(a) is the set of all singular points orthogonal to a G P and T(a) is the set 
of all nonsingular points orthogonal to a G P°. It is clear that Q and R are ¥G- 
homomorphisms. Moreover, lm(Q\s(WP)) 0,T(FP°) and lm(R\ S (FP°)) 7^ 0,T(FP). 
We have proved the following lemma which is a very important connection between 
structures of FP and FP°. 

Lemma 2.2. There exists a nonzero submodule of¥P° which is not T(FP°) so that 
it is isomorphic to a quotient o/FP. Similarly, there exists a nonzero submodule of 
FP which is not T(¥P) so that it is isomorphic to a quotient of¥P°. Moreover, 
these statements are still true if WP and FP° are replaced by S(WP) and S^FP ), 
respectively. 

Let p and p° be complex permutation characters of G acting on FP and FP°, 
respectively. Since these actions are rank 3, it is well-known that both p and p° have 
3 constituents, all of multiplicity 1 and exactly one of them is the trivial character. 
This and Lemma [2.21 imply the following: 

Lemma 2.3. p and p° have a common constituent which is not trivial. 

Finally, we record here a basic property of self-dual modules over a group algebra. 

Lemma 2.4. If U is a self- dual ¥G -module having a self-dual, simple socle X, then 
both the head of U and the top layer of the socle series of U are isomorphic to X. 

Proof. This follows from Lemmas 8.2 and 8.4 of |Laj . □ 

3. The orthogonal groups Oj n (2) 

Let V be a vector space of dimension 2n > 6 over the field of 2 elements F2 = 
{0, 1}. Let Q(-) be a quadratic form on V of type + and (•, •) be the non-degenerate 
symmetric bilinear form on V associated with Q so that Q(au + bv) = a 2 Q(u) + 
b 2 Q{v) + ab(u, v) for any a, b G ¥ 2 ,u,v G V. Then G = 0^(2) is the orthogonal 
group of linear transformations of V preserving Q. 



(2.3) 

and 

(2.4) 



Q: FP -> 
a 1 — y 



R: FP° -»■ 
a 1 — y 
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We choose a basic of V consisting of vectors {ei, e n , fi, /„} so that Q(ei) = 
Q(fj) = 0, (ej, ej) = (fi, fj) = 0, and (e i( fj) = 5y for all i,j = 1, n. Let P be the 
set of all nonsingular points in V. Then P = {(Ei( a « e « + I Ei = 1} anc ^ 

| ^> | 2 2n ~ ^ 2 n ~^ 

Let a = ei + /i 6 P. Note that if 5 is orthogonal to a and e is not, then 5 and e 
are in different orbits of the action of G a on P. With no loss, we assume that A (a) 
consists of elements of P which are not orthogonal to a and $(a) consists of elements 
in P\ {a} which are orthogonal to a. We have 

A(a) = {(v)eP\(e 1 + f 1 ,v) = l} 

= {(Ei {(ha + bifi)) e P | ai + 6i = 1} 

= {(ex + fi), (fi + V\) | (t>i) is a nonsingular point in Vi}, 

where Vi = (e 2 , e n , / 2 , /„). So a = |A(a)| = 2 2 ™~ 2 — 2™ _1 and therefore, 6 = 
|$(a)| = 2 2 "" 2 - 1. 
Let /3 = (ei + e 2 + / 2 ) G A(a). Then 

A(a) n A(/3) = {<«) eP| (e! + /i,«) = (ei + e 2 + / 2 , v) = 1} 

= {(Ei + bifi)) eP\a 1 + b 1 = b 1 +a 2 + b 2 = l} ' 

An easy calculation shows that 

r = |A(a) n A(/3)| = 2 2 "" 3 - 2"" 2 . 

Similarly, if 7 = (e 2 + / 2 ) G $(a) then we have 

A(a) n A( 7 ) = {(u) G P I ai + 61 = a 2 + 6 2 = 1} 

and 

s = \A(a)n A( T )| = 2 2n ' 3 -2"- 1 . 
Now equation (12. ip becomes 

x 2 + 2 n ~ 2 x - 2 2n ~ 3 = 0, 

which has two roots 2 n_2 and — 2 n_1 . By Lemma 12.11 U' c = S(¥P) for any c 7^ 
2 n_2 , — 2™ _1 . As in the study of permutation modules for finite classical group acting 
on singular points (see |L1[ IL2j). the graph submodules U' 2n _ 2 and U'_ 2n -\ of FP are 
minimal when char(F) 7^ 2 in the following sense. 

Proposition 3.1. Suppose that the characteristic ofF is odd. Then every nonzero 
FG-submodule ofFP either is T(FP) or contains a graph submodule, which is U' 2 n-i 
or £/i 2 n-i • 

We use some ideas from the proof of a similar result for the permutation module of 
G acting on singular points (see [LI] ), but the proof presented here is much simpler. 
Define 

n 

Al = {(J2( a i e i + b ^)) € P I 61 = 1, fl 2 + 62 = 1} 

i=l 
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and 

n 

A 2 = {(J2( a i e i + b ifi)) eP\b l = l,a 2 + b 2 = 0}. 

i=l 

Putting A = Ai U A 2 and $ = P\A. We easily see that 

[A((e 2 + / 2 »] - [A« ei + e 2 + / 2 »] = [Ax] - [A 2 ] 

and 

n 

$ = {E(^ + 6 J /,))eP|6 1 = 0}. 
1=1 

Consider a subgroup H < G consisting of orthogonal transformations sending ele- 
ments of the basis {e±, fi, e 2 , / 2 , e n , /„} to the those of the basis {ei, fi+Y^=i a i e i+ 

&n b n c±, f n a n ei} respectively, where ai,b{ G F 2 
and d\ = Yll=2 a ibi- Let K be the subgroup of H consisting of transformations 
fixing e 2 + fi- Let Pi be the set of nonsingular points in V\ = (e 2 , f 2 , e n , / n ). 
For each (w) G Pi, we define B w = {(w), (ei + w)}. Note that H is the sta- 
bilizer of the subspace series = V < V\ < V 2 < V 3 = V where V\ = (ei), 
V 2 = (ei) ± , and [V*, H] < Vi-\. An element h £ H is uniquely determined by the 
image f\h = f\ + YH=i a i e % + Y^=2 b ifi- m particular, H is regular on A, and the 
lemmas follow directly. 

Lemma 3.2. The following holds: 

(i) \H\ = 2 2n - 2 , \K\ = 2 2n ~ 3 , |A| = 2 2n - 2 , and |Ai| = |A 2 | = 2 2n " 3 ; 

(ii) H acts transitively on A and K has 2 orbits Ai, A 2 on A. 

Lemma 3.3. The following holds: 

(i) $ = U<« )6ft 

(ii) X /irres B e2+ f 2 point-wise and is transitive on B w for every (e 2 + f 2 ) 7^ (w) G 

P.; 

(iii) if acts transitively on B w for every (w) G Pi. 

Proof of Proposition 13.11 Suppose that U is a nonzero submodule of FP. We 
assume that U is not T(FP). Then U contains an element of the form 

u = afa + bfa + a s 5, 
6eP\{4>i,<t>2} 

where a,b,as G F, fa 7^ 2 G P, and a ^ b. If (fa, fa) = 1, we choose an element 
03 G P so that (0i,03) = (fa, fa) = 0. Since a 7^ b, the coefficient of 03 in u is 
different from either a or 6. Therefore, with no loss, we can assume (fa, fa) = 0. 

Since (e 2 + f 2 , ei + e 2 + / 2 ) = 0, there exists g' G G such that 0ig' = (e 2 + / 2 ) and 
025 1 ' = (ei+e 2 + / 2 ). Therefore, we can assume that u = o0i + 60 2 + ^ (5g p\|^ i ^ a$o~ G 
£7 with 0i = (e 2 + / 2 ) and 2 = (ei + e 2 + / 2 ). 
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Take an element g G G such that e\g = e\ and (e 2 + j-2)g = t\ + e 2 + /2- Then 
fag = 02 and fag = fa- So we have 

u — ug = (a — b)fa — (a — 6)0 2 + fr<5<5 € U, 

where bs G F. Note that u — ug G S'(FP). Therefore, if cs = bs/(a — b), we get 

Ul :=(tz-u^)/(o-6) = 0i-0 2 + ^ Cj 5e(/n5(FP). 

<5eP\{0i,<M 

Hence we have w 2 := Z~2keK u ^ H S(FP). Moreover, by Lemmas 13.21 and f3T3l 

<5eA {w)ePi,(w)^(t>i 
where dg, d w G F. Therefore u% := J2heH u ^ ^ U H S(¥P) with 
«3 = QT4)[A]+2 2ra - 2 ^ dw[B ^ 

again by Lemmas 13.21 and 13.31 It follows that 

u A := 2 2n " 2 M2 -u 3 = 2 in ~\fa - fa) + J2 fst e [/ n S(FP), 

<5eA 

where = 2 2n_2 c?5 — ^ 5gA ofo. Hence 

u 5 := ^ u 4 fc = 2 6n ~ 8 ( ( f )l - fa) + /[Ai] + /'[A 2 ] eUn S(FP), 

k£K 

where / = £ 5eAi /* and /' = E 5eAa /«■ Since u 5 G S(FP), / + /' = 0. Note that 
[Ai] - [A 2 ] = [A(fa)\ - [A(fa)\. Therefore, 

(3.5) u 5 = 2 6n ~ s (fa - fa) + f([A(fa)} - [A(fa)\) G U. 

Case 1: If / = then u 5 = 2 6n ~ 8 (fa — fa) G U . From the hypothesis that the 
characteristic of F is odd, we have 2 6n_8 ^ 0. It follows that fa — fa G U. Therefore 
a — f3 G U for every a, (3 G P. In other words, U D S(WP), which implies that U 
contains both U'_ 2n ^ 1 and U' 2n -% y as wanted. 

Case 2: If / ^ Othen ^ implies that (2 6 "- 8 / f)(fa-fa) + [A(fa)]-[A(fa)\ G P. 
Therefore, (2 6 "- 8 //)(a-/3) + [A(a)] - [A(/3)] G 17 for every a, (5 G P. In other words, 
{7 D U' 26n ^jj. This and Lemma I2TT1 imply that U contains either U'_ 2 , l - 1 or U' 2n _ 2 - 
The proposition is completely proved. □ 

Proposition 3.4. If i = char(F) ^ 2,3, tfien 
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Proof. We have t>2™- 2 ,a — ^-2™- 1 ,a = 3 ■ 2 n 2 a for any a £ P. It follows that, for any 
a, (3 G P, 

(V 2 n-2 t0l - V 2 n-2 >/3 ) - (U_ 2 n-l ja - U_ 2 n-l i/3 ) = 3 • 2™~ 2 (a - 

Since i ^ 2, 3, L^„_ 2 + Z/l^-i = S(FP). Note that T(v) = -2 n ~ l v for any v G £/^_ 2 
and 7» = 2 n " 2 w for any v G ?7l 2 „_i. Therefore E/£„_ a fl Ef^-i = {0} since 2™~ 2 ^ 
-2"" 1 . So we have U' 2n - 2 © £/"L 2 n-i = S(¥P). In particular, 

(3.6) dim[/ 2 „- 2 + dimE/l^i = |P| - 1 = 2 2 "" 1 - 2™- 1 - 1. 

The transposition T (see (12.21) ) has trace and the eigenvalue a = 2 2n ~ 2 — 2 n 
of multiplicity one. Since T also has two different eigenvalues — 2 n_2 and 2 n ~ 1 with 
corresponding eigenvector spaces U'_ 2 „^ 1 and £7 2n _ 2 , we have 

(3.7) -2 n - 2 dimf/V-i + 2"- 1 dim f/ 2 „_ 2 = -(2 2n ~ 2 - 2™- 1 ). 

Now (13. 6p and (13. 7\i imply the proposition. □ 

As we mentioned in the introduction, the structure of FP is more complicated 
when 2 n ~ 2 = — 2 n ~ 1 or equivalently when I = 3. We now study the decomposition of 
p (when I = 3) into irreducible characters, which are also called constituents. 

Lemma 3.5. Suppose I = 3. Then 

(i) when n is even, ~p has exactly 2 trivial constituents, 2 constituents of degree 
(2 n - l)(2 n_1 - l)/3, and 1 constituent of degree (2 n - l)(2 n - x + 2)/3 - 2; 

(ii) u>/ien n is odd, ~p has exactly 1 trivial constituent, 2 constituents of degree 
(2 n - l)(2 n-1 - l)/3, and 1 constituent of degree (2™ - l)(2 n ~ 1 + 2)/3 - 1. 

Proof. The case n = 3 can be checked directly using [Atl2j. Therefore we assume 
n > 4. From the proof of Proposition 13.41 in characteristic we have FP = T(FP) © 
U' %n -i © U'_ %n -\- Let (y? and ip be the irreducible complex characters of G afforded 
by L r 2 „_ 2 and U'_ 2n _i, respectively. Then we have p = 1 + ip + ip, where ip{l) = 
(2 n - l)(2 n_1 - l)/3 and ^(1) = (2 2n - 4)/3. It has been shown in [Ho] that the 
smallest degree of a nonlinear irreducible characters of G in cross-characteristic is at 
least (2 n — l)(2 n_1 — l)/3. Therefore Tp must be irreducible. 

It remains to consider ip. From |L2j . the complex permutation character p° of G 
acting on singular points has 3 constituents of degrees 1, (2 n — l)(2 n_1 + 2)/3, and 
(2 2n - 4)/3. It follows by Lemma O that ip must be a common constituent of p and 
p°. The lemma follows by using the decomposition of ip from §6 of |STj . □ 

Proof of Theorem 11.11 when G = 0^(2). We consider four cases as described 
in Table [TJ 

(i) t ^ 2,3;£ f (2 n - 1): Then we have [P] = 2 2 ™" 1 - 2 n ~ x ^ and therefore 
S(FP)HT(FP) = {0}. So FP = S(FP)©T(FP). From the proof of Proposition El 
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we see that I/£„_ a © C/l 2 „_i = S(¥P). So 

FP = r(FP)ec^„_ a e?7l 2B -i. 

By Proposition 13. 1[ these direct summands are simple and their dimensions are given 
in Proposition 13.41 In Tabled! X := U' 2n - 2 and Y = U'_ 2n - 1 . 

(ii) t ^ 2,3; £ | (2 n - 1): Then T(FP) C S(¥P). Since £ ^ 3 and t | (2 n - 1), 
we have £ f (2™~ 2 - 1) and therefore 2 2 ™- 2 - 2 n_1 ^ 2"- 1 . Recall that T(v) = av = 
(2 2 ™- 2 - 2"- 1 )v for any v G T(FP) and I» = 2 n ~ x v for any u G U' 2n _ 2 . Therefore 

(3.8) T(FP) n U^n-i = {0}. 

Hence, by Proposition 13 .1[ U 2n - 2 is simple. 

If c is a root of the quadratic equation x 2 + (r — s)x+(s — a) = 0, then ^2seA(a) Vc J = 
(a - s)a + (r - s + c)[A(a)] + s[P] G U c . Therefore, 

8 [P] = (a - s)a + (r - s + c)[A(a)] + s[P] - (r - s + c)(ca + [A(a)]) G t/ c . 

Recall that s = 2 2n ~ 3 - 2™" 1 = 2"- 1 (2"~ 2 - 1) ^ as I f (2"~ 2 - 1). It follows that 
[P] G £/2™- 2 and [P] G C/_ 2 n-i. Equivalently, 

(3.9) T(FP) C U 2 n-2 and T(FP) C [/_ 2 ™-i. 

Now d3H]) and fl33J) imply that [7 2 n- 2 = P' 2n _ 2 © T(FP). Notice that v 2 n-% i0l - 
u_ 2 n-i )Q = 3 • 2 n_2 a for any a G P. So FP = [7 2 »- a + LL 2 n-i. It follows that 
FP = C/ 2 „_ 2 + C/_ 2 n-i since T(FP) C LL 2 «-i. We also have dim f/ 2 „_ 2 + dim LL 2 »-i < 
dimt/^_ a + dimE7i 2 „_i + 1 = dimS(FP) + 1 = |P|. So 

If T(FP) £ C/l^.i then £/l 2 „-i = T(FP) © f/^,^. It follows that (T(FP) © 
U'_ 2 n-i) nL r 2 „_ 2 = 0, which leads to a contradiction since T(FP) C 5(FP) = U'_ 2n -\ © 
U 2n -2- So we have T(FP) C U'_ 2n ^. We deduce that, by Proposition 13.11 LL 2 n-i is 
uniserial with composition series 

C T(FP) C U'_ 2 n-i C E7_ 2 »-i. 

It is easy to see that f_ 2 n-i )Q — v_ 2 n-i >a g — V- 2 n-i >a — u_2»-i, a g G U'_ 2 „- 1 . Therefore 
?7_ 2 n-i/[/^ 2n _i is isomorphic to the one-dimensional trivial FG- module. If we put 
Y := L^_ 2n _i/T(FP), then the socle series of ?7_ 2 n-i is F — Y — F (here and after, we 
use row notation for socle series). We note that, in Tabled], X := f7 2 „_ 2 . 

(iii) I = 3, n even: Then 2 n_2 = — 2 n_1 = 1. Let S C P be the set of all nonsingular 
points of the form (ei + fi + v) with v G (e 2 , e n ). It is easy to check that 

J> 1>a = 5>+[A(a)]) = 5> + 2"- 2 a =^ 
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Therefore, [P] G U\. Moreover, since \S\ = 2 n 1 ^ 0, [P] ^ U[. Therefore we have 
U\ = T(FP) © U[ and U[ is simple by Proposition 13.11 Moreover, U\ is the socle of 
FP. 

Recall that the submodule Ux consists of F-linear combinations of Vx >a , a £ P. 
Define a bilinear form [•, •] on Ux by [i>i )Q -, Vi t p] = (vi >a ,{3). It is clear that this form 
is symmetric, non-singular, and G-invariant. Hence, Ux is self-dual. By Lemma \2.1\ 
(vi, a) Vi tP ) = s = 2 2n ~ 3 - 2™" 1 = for any a, (3 G P. Hence (Ux,Ux) = or 
equivalently, Ux C U£. Therefore, FP/U^ = Hom F (E/i,F) = U x . We have shown 
that C C/i C Ut C FP is a series of FP with FP/f/^ = E/j = T(FP) © U[. This 
and Lemma [3.51 imply that dim[/{ = (2™ — l)(2 n_1 — l)/3 and U x jU x is simple of 
dimension (2 n - l)(2 n - 1 + 2)/3 - 2. 

Set X := t/{ and Z := U± /U\. Then the composition factors of FP are: F (twice), 
X (twice), and Z. By Proposition 13. 1[ S(FP)/T(FP) is uniserial with socle series 
X — Z—X. Note that U l L /U[ has composition factors: F (twice) and Z. We will show 
that U l L /U[ is also uniserial with socle series F — Z — F. Assume the contrary. Then 
Z is a direct summand of self-dual U'^ jU' v By (E3J), FP/Ker(Q) = Im(Q), which 
is neither nor T(FP°). Inspecting the structure of FP° given in Figure 4 of [STJ, 
we see that lm(Q) has a uniserial submodule F — Z. It follows that FP/ Ker(Q) also 
has a uniserial submodule F — Z, which leads to a contradiction since Z is a direct 
summand of U'^-/U' x . We conclude that the socle series of FP is (F®X)-Z-(F®X). 

(iv) t = 3,n odd: Then 2 n ~ 2 = -2™- 1 = 2. Since |P| = 2 2 "- 1 - 2™- 1 ^ 0, [P] £ 
S(FP) and therefore FP = T(FP) © S(FP). As in (iii), we have U 2 = T(FP) © U' 2 
and U 2 is simple. Moreover, U 2 is the socle of S(FP). We also have that U 2 as well 
as U 2 are self-dual. By Lemma I2TT} (U 2 ,U 2 ) = 0, whence U 2 C [/^. Since [P] G C/ 2 , 
E# C 5(FP) and we obtain S(WP)/Uj- = FP/U^ = Hom F (£/£,F) ^ E/£. Combining 
this with Lemma |3.5[ we have dimU 2 = (2 n — l)(2 n_1 — l)/3 and U 2 jU 2 is simple 
of dimension (2 n - l)(2 n " 1 + 2)/3 - 1. By LemmaEUand the self-duality of S(FP), 
S(FP)/U 2 is the top layer of S(FP) and therefore U 2 jU 2 is the second layer. Setting 
X = U' 2 and Z = U^/U^ then the socle series of S(FP) is X - Z - X. " □ 

4. The orthogonal groups 2n (2) 

Let Q(-) be a quadratic form of type — on a vector space V of dimension 2n > 6 
and (., .) be a symmetric bilinear form associated with Q so that Q(au + bv) = 
a 2 Q(u) + b 2 Q(v) + ab(u,v) for any a,b G F 2 ,w,w G V. Then = 0^(2) is the 
orthogonal group of linear transformations of V preserving Q. We choose a basic of V 
consisting of vectors {ex, e n , fx, f n } so that (e i( fj) = <%, (e i; e^) = /_,•) = 
for every i,j = l,...,n, Q(ei) = • • • = Q(e n - 1 ) = = • • • = Q(f n -x) = 0, 

and Q(e n ) = Q(f n ) = 1- If P is the set of all nonsingular points in V then P = 
{(Ex( a i e i + b ifi)) \a n + b n + £>A = 1} and |P| = 2 2 - 1 + 2"" 1 . 
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A similar calculation as in $3] shows that a = 2 2n ~ 2 + 2 n ~ 1 ,o = 2 2n ~ 2 — l,r 
2 2n-3 + 2 "-2 j s = 2 2n-3 + 2 n-i. Equation flZTJ now becomes x 2 - 2 n ~ 2 x - 2 2n ~ 3 = 
and it has two roots — 2 n ~ 2 and 2 n_1 . 



Proposition 4.1. Suppose that the characteristic ofF is odd. Then every nonzero 
FG-submodule ofFP either is T(FP) or contains a graph submodule, which is U r _ 2 „_ 2 
or U^-i- 

Proof. Define A 1; A 2 , A, $, Pi, Vx, and B w similarly to those of §3. Consider a sub- 
group H < G consisting of orthogonal transformations sending elements of the basis 
{ei, fx, e 2 , f 2 , ..-,e n , f n } to those of the basis {ex, fx + YTi=x a ^ + Yn=2 h ifii e 2 ~ 
^2^1, / 2 — 02 e i)---) e n — b n ex, f n — CL n ex} respectively, where a^bi G F 2 and a\ = 
a n + b n + J2^ =2 dibi. Let K be the subgroup of H consisting of transformations 
fixing e 2 + /2- Then Lemmas 13.21 and [3731 remains true as stated. Now we just argue 
as in the proof of Proposition 13.11 □ 

Proposition 4.2. If £ = char(F) ^ 2,3, then 

(2 n + l)(2 n_1 + 1) n2n A 



dimL r l 2 „_ 2 = and dim[/ 2 „_i = . 

3 3 

Proof. Similarly to Proposition 13. 4[ we find 

dimfT 2 „_ 2 + dimC/^-! = |P| - 1 = 2 2n ~ l + 2^ - 1 

and 

2 n - 2 dim[/;_ 1 - 2 n ^ 1 dim^ 2 „- 2 = -(2 2n ~ 2 + 2"" 1 ), 
and the proposition follows. □ 

In characteristic we have FP = T '(F P)®U'_ 2n ^ 2 ®U' 2n ^ 1 . Let (p and ^ be irreducible 
complex characters of G afforded by U'_ 2 „- 2 and U 2 n-i, respectively. Then we have 
p = l + (p + fa where = (2™ + 1)(2"- 1 + l)/3 and = (2 2n - 4)/3. 

Lemma 4.3. Suppose i = 3. Taen t/> /ias exactly 2 constituents of degrees (2 n + 
l)(2 n_1 — 2)/3 and (2 n + l)(2 n_1 + l)/3 — 1 «/n is even and 3 constituents of degree 
I, (2 n + l)(2 n ~ 1 - 2)/3 - 1 and (2 n + l)^" -1 + l)/3 - 1 i/n is odd. 

Proof. From |L2] . we know that the complex permutation character p° of G acting 
on singular points has 3 irreducible constituents of degrees 1, (2 n + l){2 n ~ l — 2)/3, 
and (2 2n — 4)/3. Therefore, by Lemma |2.3[ ip must be a common constituent of p 
and p°. Now the lemma follows from Corollary 8.10 of [STj . □ 

Let Gx be the stabilizer of e n and f n in G so that Gx = 2n _ 2 (2) < G. Note 
that Gx = VL 2n _ 2 {2) ■ 2 and G = Q 2n (2) ■ 2. Denote by u and ux the non-trivial 
3-Brauer linear characters of G and Gx, respectively. Then we have oo\g! — Wi- The 
two following lemmas describe the decompositions of restrictions of p, Tp, and ip to 
Gx when I = 3. 
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Lemma 4.4. Suppose I = 3 and n is even. Then 

(i) p|d has exactly 7 trivial constituents, 3 constituents 5 constituents of 
degree (T 1 - 1 - l)(2 n ~ 2 - l)/3, and 7 constituents of degree {2 n - 1 - l)(2 n ~ 2 + 

.. 2)/3-l. 

(ii) 99 |d aas exactly 5 constituents of degree 1, 1 constituent of degree (2 n 1 — 
l)(2 n " 2 - l)/3, and 3 constituents of degree (2™" 1 - 1)(2™- 2 + 2)/3 - 1. 

(iii) ip\c 1 has exactly 4 constituents of degree 1, 4 constituents of degree (2 n ~ 1 — 

1) (2 n ~ 2 - l)/3, and 4 constituents of degree (2 n - 1 - l)(2 n ~ 2 + 2)/3 - 1. 

Proof. Let Pi and be the sets of nonsingular and singular points, respectively, in 
V\ = (ei, e n _i, /1, fn-i)- We temporarily abuse the notation by identifying a 
nonzero vector n with the point containing it. Then we have 

(4.10) P = {e n , f n , e n + f n } U Pi U {e n + P°} U {/„ + P°} U {e n + / n + P°}, 

where the union is disjoint and by {x + Y} we mean {x + ?/ | y G y}. Since Gi fixes 
e„, fn,e n + f n and the action of G x on each set {e n + P?}, {f n + P?}, or {e^ + Zn + Pi } 
is the same as that of G\ on P°, we have the following isomorphism as FGi-modules: 

FP ^ 3F © FPi © 3FP°. 

The structure of FPi is given in Table [1] and the structure of FP^ is given in Figure 4 
of |ST] . Hence part (i) follows. 

We also have P° = P° U {e n + PJ U {/„ + Pi} U {e n + f n + Pi}. This and (00]) 
give us the CGi-isomorphisms: 

CP = 3C © CPi © 3CP° and CP = CP° © 3CPi. 

As ip is a common constituent of p and p°, we assume that p° = l G + <p° + ?/>. Also, the 
characters afforded by CPi and CPi° are l Gl + <fi + fa an d Igj +9^1 + ^1, respectively. 
We then have 

r i Gl + <p| Gl + ^| Gl = 3 ■ i Gl + (i Gl + (pi + fa) + 3(i Gl + $ + fa), 

\ l Gl + (f°\ Gl + fa Gl = (l Gl +if° 1 + fa) + 3(l Gl + (f! + fa). 

These equations show that the multiplicities of (fi and (p® in -0| Gl are at most 1. By 
comparing the degrees, the second equation shows that the multiplicity of ip\ in -0| Gl 
is 3. Hence, 

■0|gi = 3fa + <pi + (fi + 3 • l Gl . 
The reductions modulo 3 of fa, (fi, and <p\ are known from §|3J Hence (iii) is proved 
and so is (ii). □ 

Lemma 4.5. Suppose i = 3 and n > 5 is odd . Then 

(i) p| Gl has exactly 14 trivial constituents, 3 constituents u\, 5 constituents of 
degree {2 n ~ 1 - l)(2 n ~ 2 - l)/3, and 7 constituents of degree (2"" 1 - 1)(2™- 2 + 

2) /3-2. 
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(ii) Tp\a x has exactly 8 constituents of degree 1, 1 constituent of degree (2 n_1 — 
l)(2 n ~ 2 - l)/3, and 3 constituents of degree {2 n - 1 - 1)(2™~ 2 + 2)/3 - 2. 

(iii) , 0|(3 1 /ias exactly 8 constituents of degree 1, 4 constituents of degree (2 n ~ 1 — 
l)(2 n " 2 - l)/3, and 4 constituents of degree (2 n - 1 - l)(2 n ~ 2 + 2)/3 - 2. 

Proof. This is similar to the proof of Lemma 14.41 □ 

Proof of Theorem 11.11 when G = 2n (2). As described in Table [2} we consider 
the following cases. 

(i) £ ^ 2, 3; £ \ (2 n + 1): Then we have S(¥P) n T(FP) = {0} and 

FP = T(¥P) © C/i 2 „- 2 © U' 2n -i. 

Propositions 14. II and 14. 21 now imply the theorem in this case. In Table EJ X := [7^ 2n _ 2 
and Y := E/gn-i- 

(ii) £ ^ 2,3;£ | (2 n + 1): Then we have T(FP) C S'(FP). Since £ ^ 3 and 
£ | (2 n + 1), £ f (2 n ~ 2 + 1) and therefore 2 2n " 2 + 2 n ~ x ^ -2 n ~ 1 . Note that T(v) = 
av = (2 2n " 2 + 2 n ~ l )v for any v G T(FP) and 1» = -2 n ~ x v for any u G [/i 2 „_ 2 . It 
follows that 

(4.11) T(FP) n U'_ 2n -2 = {0} 

Therefore, by Proposition 14. 1[ U'_ 2n - 2 is simple. Arguing as in the corresponding case 
for G = 2n (2), we have 

(4.12) T(FP) C P_ 2 n- 2 and T(FP) C U 2 n-i. 

Now f HTTl) and fl4~T2l imply that U_ 2n -i = C/l 2 „_ 2 © T(FP). Recall that v 2 n-i j0l - 
v_ 2n ~2 a = 3 • 2 n " 2 a for any a G P. So FP = P_ 2 n-2 + U 2 n-i. It follows that 
FP = [/1 2 „_ 2 + £/ 2 n-i since T(FP) C U 2 n-i. We also have dimC/i 2 „_ 2 + dim[/ 2 „-i < 
dimf/i 2n _ 2 + dim + 1 = dimS(FP) + 1 = |P|. So 

WP =U'_ 2 n-2®U 2 n-l. 

By Proposition 14.1^ [/ 2 n-i is uniserial with composition series C T(FP) C 
U 2n -i C U 2 n-i. Since v 2 n-i t(X — v 2 n-i j0l g G U 2 „_i, U 2 n-i jU' 2n ^x is isomorphic to the 
one- dimensional trivial FG-module. If we put Y := [/ 2 „_i/T(FP), then F — Y — F is 
the socle series of U 2 n-i. In Table [21 X := U'_ 2n _ 2 - 

(iii) £ = 3;n even: Then we have -2 n " 2 = 2 n - 1 = 2. Since |P| = 2 2 ™- 1 + 
2"- 1 ^ 0, [P] £ 5(FP) and therefore FP = T(FP) © S(¥P). As proved before, 
S [P] — J2seA{a) v 2,s ~ ( r — s + 2)^2,0 G {7 2 for any a G P. Since |A(a)| - (r - s + 2) = 
(2 2 ™- 2 + 2"- 1 ) - (2 2n ~ 3 + 2 n ~ 2 - 2 2n ~ 3 - 2 n - x + 2) = 2 ^ 0, [P] £ P 2 . Applying 
Proposition 14. 1[ we see that U' 2 is simple and U' 2 is the socle of S'(FP). By Lemma I2~4"| 
U' 2 is also (isomorphic to) the top layer of the socle series of S'(FP). 
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By Lemma EH (U' 2 , U 2 ) = 0, so U' 2 C U£. Since s = 2 2n " 3 + 2 n ~ x ^ 0, [P] G C/ 2 
and therefore U£ C S(FP). Moreover, S(WP)/Ui- = FP/U 2 L £ Hom F (E/£,F) = 
by the self-duality of U 2 and C/ 2 = T(FP) © C/^- We have shown that U 2 occurs 
as a composition factor in FP with multiplicity at least 2. Let a G IBr3(G) be 
the irreducible 3-Brauer character of G afforded by U 2 . Then a is an irreducible 
constituent of~p — 1+Tp + ip with multiplicity at leat 2. 

Assume that 2a is contained in Tp. Then tr(l) < p(l)/2 = (2 n + l)(2 n ~ 1 + l)/6, 
which violates the result on the lower bound of degrees of nontrivial irreducible 
characters of Q 2n (2) given in |Hoj . So cr is a constituent of ^. By Lemma T4.3[ er(l) is 
either (2 n + l)(2 n ~ 1 - 2)/3 or (2 n + l)(2 n ~ 1 + l)/3 - 1 and also a is a constituent of 
Tp. If cr(l) = (2 n + 1)(2™ _1 — 2)/3, then again from the result on the lower bound of 
degrees of nontrivial irreducible characters of Vt 2n (2), all other constituents of Tp are 
linear. In particular, Tp contains (2 n + 1)(2"- 1 + l)/3 - (2 n + l)(2 n - 1 - 2)/3 = 2™ + 1 
linear constituents (counting multiplicities). This contradicts part (i) of Lemma [4.41 
since 2 n + l > 17. So we have a(l) = (2 n + l)(2 n " 1 + l)/3-l. Since a is a constituent 
of Tp and ip(l) = (2 n + l)(2 n_1 + l)/3, Tp has only one another constituent which is 
linear. 

Now we aim to show that this linear constituent is u. Assume the contrary that 
it is trivial. Using Lemma 14.4( h). we deduce that ct\g 1 has exactly four linear con- 
stituents (counting multiplicities). Since has exactly 4 linear constituents and 
a is contained in tp, the multiplicity of U\ in p\ Gl is twice as that in a, contradicting 
Lemma I4.4( i). 

We have shown that U 2 jU' 2 has two composition factors affording uj and a character 
of degree (2 n + l)(2 n " 1 - 2)/3. The self duality of U^/U' 2 = F © /U' 2 implies that 
U 2 /U 2 = wffiZ, where Z is a module affording the character of degree (2 n + l)(2 n_1 — 
2)/3. Here we denote by the same uj the module affording character u. We note that, 
in Table X := U' 2 and the socle series of S(FP) vsX-(u@Z)-X. 



(iv) £ = 3, n odd: The case n = 3 can be checked directly. So we assume that n > 5. 
We have -2 n ~ 2 = 2 n ~ l = 1. Also, s = 2 2n ~ 3 + 2™" 1 = and hence (U u U x ) = by 
Lemma O It follows that U x C U^. Since U x is self-dual, FP/Uf = Hom F (C/ 1 ,F) = 
U\. Therefore, the nontrivial factor of U[ occurs with multiplicities at least 2 in 
FP. Note that, by Proposition 14.11 this nontrivial factor is either U[ or U[/T(FP). 
Arguing similarly as in (iii) and using Lemmas 14.51 and I4.3[ we again obtain that Tp 
has exactly two irreducible constituents of degrees 1 and (2 n + l)(2 n ~ 1 + l)/3 — 1. 
Combining this with Lemma I4.3[ we find that p has exactly 3 linear constituents, 2 
constituents of degree (2™ + l)(2 n ~ 1 + l)/3 — 1, and 1 constituent of degree (2 n + 
l)(2«- 1 -2)/3-l. 

As U[ = UiC]S(FP), Ui/U[ is isomorphic to the one- dimensional trivial module. It 
follows that, if T(FP) G U[, U\ would have F as a composition factor with multiplicity 
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2. Therefore F appears at least 4 times as a composition factor in FP, contradicting 
the previous paragraph. So T(FP) U[ and hence U[ is simple. 

Now we have dim U[ = (2 n + l)(2 n_1 + l)/3 — 1. Also, /U\ has two composition 
factors of degrees 1 and (2 n + l)(2 n_1 — 2)/3 — 1. Applying Lemma 14751 and arguing as 
in (hi), the factor of degree 1 must be u and therefore the self-dual j\J\ = Z ®uj, 
where Z is the factor of dimension (2 n +l)(2 n ~ 1 -2)/3-l. Setting X := U[. Then FP 
has composition factors: F (twice), u, X (twice), and Z. Then, by Proposition 14.11 
and Lemma [23 S(¥P)/T(¥P) has socle series X - (Z © u) - X. 

Now we study the structure of the self-dual module U 1 ± /U[. It has composition 
factors: F (twice), u, and Z. Inspecting the structure of FP° given in Figure 7 
of [ST], we see that any nontrivial quotient of FP° has the uniserial module Z — F as 
a quotient. Using Lemma |2~2| we deduce that Z is not a submodule of U 1 ± /U[. If oj 
is not a submodule of U 1 ± /U[ neither, the socle series of the self-dual module U 1 ± /U[ 
would be F — [Z © u) — F and hence FP does not have any nontrivial submodule 
isomorphic to a quotient of FP°, violating Lemma [2.21 So u must be a submodule of 
U 1 L /U[ and therefore U 1 L /U[ is direct sum of u with a uniserial module F — Z — F. 
The structure of FP now is determined completely as described. □ 

5. The unitary groups in even dimensions £/ 2 „(2) 

Let V be a vector space of dimension 2n > 4 over the field of 4 elements F4 = 
{0, l,r, r 2 }, where r is a primitive cubic root of unity. Let (., .) be a nonsingular 
conjugate-symmetric sesquilinear form on V, i.e, (., .) is linear in the first coordinate 
and (it, v) = (v,u) for any u, v £ V, where x = x 2 for x G F4. Then G = £/2n(2) is 
the unitary group of linear transformations of V preserving (.,.). 

We choose a basic of V consisting of vectors {ei, e n , fi, f n } so that (e*, e,-) = 
(/i) fj) = an d (ej, fj) = Sij for all i,j = 1, n. Let P be the set of all nonsingular 
points in V. Then P = + hU)) \ Ei(«A+^i) = 1} and |P| = (2 4 "- 1 - 

2 2n_ )/3. Unlike the study of permutation modules for orthogonal groups, in this 
section, for computational convenience we assume that A(a) C P \ {a} consists of 
elements orthogonal to a and $(a) C P\{a} consists of elements not orthogonal to a. 
Then we have a = (2 4n " 3 + 2 2n " 2 ) /3, b = 2 4n ~ 3 - 2 2n " 2 - 1, r = (2 4n ~ 5 - 2 2n ~ 3 ) /3, s = 
(2 4 «- 5 + 2 2n - 2 /3. Equation d2HJ> now becomes x 2 - 2 2n ~ 3 x - 2 4 "~ 5 = and it has 
two roots -2 2n ~ 3 and 2 2n " 2 . 

Proposition 5.1. Suppose that the characteristic ofF is odd. Then every nonzero 
FG-submodule ofFP either is T(FP) or contains a graph submodule, which is U'_ 22n _ 3 

Or 

Proof. We use some ideas from the proof of a similar result for the permutation 
module of G acting on singular points (see |Llj). Let := (e 2 + t/ 2 ), 2 := (ei + 
e 2 + r/ 2 ), 03 := (r 2 e 1 + e 2 + r/ 2 ), and 4 := (re 1 + e 2 + Tf 2 ). Also A := {(Y,™=i( a i e i + 
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hh)) G P | h = 1}, A 1 := {(Er=i(°i e i + e P | 61 = l,a 2 r 2 + 6 2 = 0}, 

A 2 := {(ElLi^^ + ^/i)) e P I 61 = l,a 2 r 2 + 6 2 = 1}, A 3 := {(ELM^ + W*)) e 
P I 6j = 1, a 2 r 2 + 6 2 = r}, A 4 := {(EIUK^ + b ifi)) e P \ h = 1, a 2 r 2 + b 2 = r 2 }, 
and $ := {(Er=i( a * e * + hfi)) G P | &i = 0}. Then we have 

A = Ai U A 2 U A 3 U A 4 and P = A U $, 
where the unions are disjoint and 

(5-13) [A(fa)) - [A(^)] = [A,] - [A,] 

for any i,j = 1, 2, 3, 4. 

Consider a subgroup H < G consisting of unitary transformations sending elements 
of basis {ei, f u e 2 , f 2 , ..^_e n , f n } to those of basis {ei, f x + Y%=i a i e i + EIL2 h if^ e 2 - 
b 2 e\, f 2 — 02^1, e n — 6 n ex, /„ — a^ei} respectively, where a iy bi G F 4 and a\ + aT = 
Er= 2 (^« + a «^)- Let .K" be the subgroup of H consisting of transformations fixing fa. 
Let Pi be the set of nonsingular points in V\ = (e 2 , f 2 , e n , f n ). For each (w) G Pi, 
we define B( w \ = {(w), (ei + w), (rex + w), (r 2 ei + w)}. Similarly as in Lemmas 13.21 
and 13.3} we have 

(i) \H\ = 2 4n " 3 , \K\ = 2 4n ~ 5 , |A| = 2 4 "" 3 , and |Ai| = |A 2 | = |A 3 | = |A 4 | = 

24n— 5. 

(ii) H acts regularly on A and K has 4 orbits Ai, A 2 , A3, A 4 on A; 

(iii) ^ = U(«,) e ^5(«); 

(iv) K fixes Bfa point- wise and is transitive on B w for every fa 7^ (w) G Pi; 

(v) H acts transitively on B w for every (w) G Pi. 

Suppose that [/ is a nonzero submodule of FP. Assume that U 7^ T(FP). As in 
Proposition I3.1[ we can show that C/ contains an element of the form 

u = afa + bfa + cfa + d0 4 + a 5 5, 

where a, 6, c, d, 0,5 G F and a ^ b. Take an element g £ G such that ei<? = ei and 
(e 2 + 7-/2)0 = ei + e 2 + r/ 2 . Then 0i# = 2 , 2 5f = 0i, 3 g = 4 , and = h ■ So 
we have 

u - ug = (a-b)(fa-fa) + {c-d)(fa-fa)+ Yl b s 6eUnS(¥P), 

SeP\{4>i,4>2,<f>3,<f>4,} 

where b$ G F. Now arguing as in Proposition 13. 1[ we get an element 

u 5 = (fa - fa) + e(fa - fa) + /[Ai] + /'[A 2 ] + f [A 3 ] + f" [A 4 ] eUn S(¥P), 

where e, /, /', /", /'" G F. Interchanging fa and 4 if necessary, we suppose that 
e + -1. ' 

Let g be an element of H such that (e 2 + rf 2 )g = r 2 ei + e 2 + rf 2 . Then fag = fa, 
fag = fa, fag = 4 , and fag = fa. Also, Aig = A 3 , A 3 5- = Ai, A 2 g = A 4 , and 
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= A2. Therefore, 

u 6 := u 5 g = (03 - 4 ) + e(0! - 2 ) + /[A 3 ] + /'[A 4 ] + /"[Ax] + /'"[A 2 ] G(/n S(FP). 
Note that / + /' + /" + /'" = 0. Therefore, if we set w 7 := (u 5 + u 6 )/(l + e), then 
Ul = (0 X - 2 + 03 - 4 ) + (t + *")([Ai] - [A 2 ] + [A 3 ] - [A 4 ]) eUn S(WP), 

where t = f/(l + e) and t" = f"/{\ + e). 

Case 1: If t+t" 7^ then by (15.131) . we have u$ '■— u 7 / (t+t") = v c ^ x —v^+v^ — 
v c,<f>4, £ U, where c = + 1"). Consider an element g G G such that e±g = e\ and 
(e 2 + rf 2 )g = r 2 (e 1 + e 2 + rf 2 ). It is easy to check that fag = fa, fag = fa, fag = fa, 
and 4 g = 4 . We deduce that u 9 := u 8 g = v c ^ 2 — v C;( f, 3 + v c ^ — t> c ,</> 4 G U. It follows 
that M10 := u 8 + u 9 = 2(f C)( ^ 1 — f Cl< ^ 4 ) G U . Hence U' c C [/, which implies that Z7 
contains either U'_ 22n - 3 or L^ 2n -2 by Lemma [2TTT . 

Case 2: If t + t" = then u 7 = 0i - 2 + 3 - 4 G [/. Let g £ G be the 
same element as in Case 1. We have u 7 g = 2 — 03 + 0i — 4 G U. It follows that 
u 9 := u 7 + u 8 = 2(0! — 04 ) G [/. Therefore a — (3 G U for every a, /3 G P. In 
other words, {7 ^) S(FP), which implies that U contains both U'_ 22n -3 and U' 22n -2, as 
wanted. □ 

Proposition 5.2. If £ = char(F) 7^ 2,3, t/ien 

(2 2n - 1)(2 2 ™- 1 + 1) , . (2 2n + 2)(2 2n -4) 
dim(7_ 2 2„-3 = and d\mU 22n - 2 = . 



Proof. As in Proposition I3.4[ we have 

24n— 1 2 2n— ^ 



3 

24n— 3 _|_ 22n— 2 



dimL r l 2 2„_ 3 + dimf/ 2 2n-2 = |P| — 1 = — 

and 

2 2 "- 3 dim^ 2 „-2 - 2 2 "" 2 dim U'_ 2 2n- 3 = -a = , 

which imply the proposition. □ 

In the complex case I = 0, as before, we have 

FP = T(FP) © U'_ 2 2n-s © U 2 2n-2 and p = 1 + <p + ip, 

where <p and ip are irreducible complex characters of G afforded by U'_ 22n - 3 and U' 22n - 2 , 
respectively. Note that <p(l) = (2 2n - l)(2 2n " 1 +_l)/9, ip(l) = (2 2n + 2)(2 2n - 4)/9. 

We now study the decompositions of Tp and ip into irreducible Brauer characters 
when i = 3. We note that, when £ = 3, -2 2n ~ 3 = 2 2n ~ 2 = 1 and therefore FP has 
only one graph submodule U[. 

Lemma 5.3. Suppose I = 3. Then ip has exactly 2 constituents of degrees (2 2n — 
1)(2 2 ™- 1 - 2)/9 and (2 2n - l)(2 2n - 1 + l)/9 - 1 if 3 \ n and 3 constituents of degrees 
I, (2 2n - 1)(2 2 "- 1 - 2)/9, and (2 2n - 1)(2 2 "- 1 + l)/9 - 2 i/3 | n. 
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Proof. From [LI] , we know that the complex permutation character p° of G acting 
on singular points has 3 constituents of degrees 1, (2 2n — l)(2 2n_1 +4)/3, and (2 2n + 
2)(2 2n — 4)/9. Therefore, by Lemma \2.'S\ ip must be a common constituent of p and 
p°. Now the lemma follows from Corollary 4.5 of |STj . □ 

Lemma 5.4. Suppose £ = 3. Then 

(i) Tp has exactly 2 constituents of degrees (2 2n - l)(2 2n ~ 1 - 2)/9 and (2 2n - l)/3. 

(ii) U[ is simple and dimU[ = (2 2n - l)(2 2n " 1 - 2)/9. 

Proof. Let S be the set of nonsingular points of the form (ei + rf\ + v) where v G 
(e2, e3, e n ). It is easy to see that 

J>, a = 5>+[A(a)]) = [P]. 

Therefore, T(FP) C U x . Moreover, \S\ = A n ~ l ^ 0, whence T(¥P) £ U[. By 
Proposition 15. 1[ U\ — U[ © T(FP) and is simple, proving the first part of (ii). 
Since U x as well as U[ are self-dual, ¥P/U[ L = Rom F (U[,¥) ^ U[. Using the fact 
U[ C f/j^- 1 - from Lemma 12.14 we have that occurs at least twice as a composition 
factor of FP. 

Denote E := (ei,...,e n ) and F := (fi, f n )- Let Q := Stab G (P), the stabilizer 
of E in G. For any point (/) in F, the action of Q on the set of 2 2n_1 nonsingular 
points of the form (f + u) with u G E is equivalent to that on the set of 2 2ra_1 singular 
points of the form (f + u) with u G E. Therefore, if P(E) denotes the set of (singular) 
points in E, we have an FQ-isomorphism: 

CP = CP©CP(P). 

Notice that Q acts doubly transitive on P(E) and its character is 1q + r, where r is 
irreducible of degree (2 2n — l)/3 — 1. Therefore, the above isomorphism gives: 

P°\q = p\q + l Q + r - 

Using Proposition 4.2 of |STj . we have the decomposition of p°\q into irreducible 
constituents: p°\ Q = 2(1 + r) + C + o~ + a x where ({1) = (2 2n - l)/3, a (l) = 
(2 2 « - 1)(2 2 "~ 1 - 2)/9, and a x {l) = 2{2 2n - 1)(2 2 "- 1 - 2)/9. It follows that 

p\q = l Q + r + C + o-q + 0i. 
By comparing degrees, we have 

V^Iq = C + o"o and = r + ai. 

By Proposition 4.4 of [STJ, we know that ( and Wq are irreducible when i = 3. It 
follows that (/? has at most two constituents. Suppose Tp is irreducible. Combining 
this with Lemma [5.31 we see that p has no constituent with multiplicity > 2, which 
contradicts the fact that U[ occurs as a composition factor of FP at least twice. 
Therefore, Tp has exactly two constituents, and their degrees are degrees £(1) = 
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(2 2n - l)/3 and a (l) = (2 2n - l)(2 2n ~ 1 - 2)/9. This shows that dim^ = (2 2n - 
l)(2 2n_1 — 2)/9 and the lemma is proved. □ 

Proof of Theorem 11.11 when G = C/2 n (2). As described in Tabled we consider 
the following cases. 

(i) t ± 2,3;£ \ (2 2n - 1): Then we have |P| = (2 4 ™- 1 - 2 2n ~ 1 )/3 ^ and hence 
S(¥P) n T(FP) = {0}. We then obtain FP = T(FP) © ^ 22 „_ 3 © U^ 2 . Proposi- 
tions EH and [S72] now imply the theorem in this case. In Table [31 X := U'_ 22n _ 3 and 

(ii) £ ^ 2,3;£ | (2 2 " - 1): Then T(FP) C 5(FP). As before, we have T(FP) n 
U'_ 2 2n~3 = {0} and therefore, by Proposition 15.11 U'_ 22n _ 3 is simple. We also have 
FP = U'_ 2 2 n -3 © Utfn-z. Moreover, TJ is uniserial with composition series C 
T(FP) C L^ 2n _ 2 C U 2 2n-2 and socle series W-Y-W, where Y := U' 22n „ 2 /T(¥P). We 
note that, in Tabled X := U'_ 2 2„- 3 . 

(hi) £ = 3; 3 | n: Then s = (2 4n " 5 + 2 2 "~ 2 )/3 = 0. Therefore, by Lemma EH 
(Ui,Ui) = 0, whence U\ C From the proof of Lemma |5.4[ we know that 

U\ = T(¥P)@U[. Hence, by Lemmas 15.31 and 1 5.41 U^/Ui has two composition factors 
of degrees (2 2n - l)/3 and (2 2n - 1)(2 2 "- 1 + 1)/9 - 2, which we denote by Wi and W 2 , 
respectively. The self-duality ofU^/Ui implies that /U x = W 1 ®W 2 . Put Z := U[. 
By Proposition 15. 1[ S(¥P)/T(¥P) is uniserial with socle series Z — (Wi © W 2 ) — Z. 

Next, the self-dual module U^-/U[ has composition factors: F (twice), Wi, and W 2 . 
Inspecting the structure of FP° from Figure 1 of [STj . we see that any nontrivial quo- 
tient of FP° has the uniserial module W 2 — F as a quotient. It follows by Lemma [2721 
that W 2 is not a submodule of U 1 j -/U[. If W\ is not a submodule of L r 1 ± /U[ neither, 
the socle series of the self-dual module U 1 ± /U[ would be F — {W\ © W 2 ) — F and 
hence FP does not have any nontrivial submodule isomorphic to a quotient of FP°, 
a contradiction by Lemma |2~2"1 So W\ must be a submodule of U l L /U[ and therefore 
U'^/Ui is direct sum of W\ and a uniserial module F — W 2 — F. The structure of FP 
now is determined as described. 

(iv) t = 3,3 f n: Then |P| = (2 4 ™" 1 - 2 2n ~ 1 )/3 ^ 0. Therefore, FP = T(FP) © 
S(¥P). Again by Lemma O, {U{, U x ) = 0. Consider a series of S(¥P): 

Oc^Cf/^C S(¥P). 

We have S(WP)/Uj- = ¥P/U' 1 ± £ U[. Therefore, by Lemmas ETJ and EH Uf/U[ has 
two composition factors of degrees (2 2n — l)/3 and (2 2n — 1)(2 2 ™ -1 + l)/9 — 1, which 
again we denote by W\ and W 2 , respectively. It is easy to see that /U[ is self-dual 
from the self-duality of U[ L jU[. Therefore Uf/U[ = W x © W 2 . Putting Z :=U{, the 
socle series of S(¥P) is Z - (W x © W 2 ) - Z. □ 
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6. The unitary groups in odd dimensions U 2n+1 (2) 

Let V be a vector space of dimension 2n + 1 > 5 over the field of 4 elements 
F 4 = {0, 1, r, r 2 }, where r is a primitive cubic root of unity. Let (., .) be a nonsingular 
conjugate-symmetric sesquilinear form on V. Then G = U 2n+ i(2) is the unitary group 
of linear transformations of V preserving (.,.)■ 

We choose a basic of V consisting of vectors {ei, e n , /i, f n , g} so that (e iy ej) = 
(fhfj) = (ei,g) = (fi,g) = 0, (e h fj) = and (g,g) = 1 for all i,j = l,...,n. Le^P 
be the set of nonsingular points in V. Then P = {(cg+Yli( a i e i^ifi)) I cc+Xa ( a A+ 
alh) ^ 0} and \P\ = (2 4n+1 + 2 2n )/3. We assume that A(a) C P \ {a} consists of 
elements orthogonal to a and $(«) C P\{a} consists of elements not orthogonal to a. 
Then we have a = (2 4 ™" 1 - 2 2 "- 1 )/3, b = 2 4n " 1 + 2 2 ™" 1 - 1, r = (2 4 "" 3 + 2 2n " 2 ) /3, s = 
(2 4 ™- 3 - 2 2 "- 1 )/3. Equation now becomes x 2 + 2 2n ~ 2 x - 2 4 "" 3 = and it has 
two roots 2 2 "~ 2 and -2 2 ™" 1 . 

Proposition 6.1. Suppose that the characteristic ofF is odd. Then every nonzero 
FG-submodule ofFP either is T(FP) or contains a graph submodule, which is UL n -2 
or C/l 22n _i . 

Proof. Define 0i, 02, 03, 04, Ai, A2, A3, A4, A, $, Pi, V\, and B^ w ) in a manner similar 
to that of the proof of Proposition 15.11 Consider a subgroup H < G consisting of 
unitary transformations sending elements of the basis {ei, f%, e 2 , f 2 , ...,e n , f n , g} to 
those of the basis {ei, fi+YZ=i a i e i+YTi=2 hfi+ c 9i e 2 -b 2 ei, f 2 -a 2 ~e 1 , e n -b n e x , f^— 
a^ei, g — cei} respectively, where a^, 6j, c G F 4 and a\ + a! + cc = 5^=2 + aA). 
Let K be the subgroup of H consisting of transformations fixing 0i. Now we argue 
as in the proof of Proposition 15.11 □ 

Proposition 6.2. If £ = char(F) 2,3, then 

(2 2 " +1 + l)(2 2n -l) , , , (2 2n+1 -2)(2 2n+1 +4) 

dim£4n- 2 = and dim[/' 2 „-i = - - ^- L . 

2 9 9 

Proof. As in Proposition 13. 4^ we have 

24n+l _|_ 2^ n 



dimf/22n-2 + dimL r l 2 2n-i = |P| — 1 



and 



'^Mim^ -2 2n - 2 dimf/: 22n - 1 = -u = , 



3 

c^An—l c^n—l 



which imply the proposition. □ 
In the complex case I = 0, we have 

FP = T(FP) © U' 22n - 2 © C/ljjan-i and p = 1 + up + ^, 
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where ip and if) are irreducible complex characters of G afforded by U' 22n -2 and U'_ 22n -i, 
respectively. Then we have (p(l) = (2 2n+1 + l)(2 2n - f )/9, ^(1) = (2 2n+1 - 2)(2 2n+1 + 
4)/9. 

Lemma 6.3. Suppose £ = 3. TTien 

(i) iw/ien 3 f n ; if) has exactly 1 trivial constituent, 2 egua/ constituents of degree 
(2 2n+1 -2)/3 ; 1 constituent of degree (2 2n+1 + l)(2 2n -4)/9 ; and I constituent 
of degree (2 2n + 1 + l)(2 2n - l)/9; 

(ii) w/ien Sin,?/' /ias exactly 2 trivial constituent, 2 egua/ constituents of de- 
gree (2 2n+1 - 2)/3, 1 constituent of degree (2 2n+1 + l)(2 2n - 4)/9 - 1, and 1 
constituent of degree (2 2n+1 + l)(2 2n - l)/9. 

Proof. From [L2j . we know that the complex permutation character p° of G acting on 
singular points has 3 constituents of degrees 1, (2 2n+1 + l)(2 2n — 4)/3, and (2 2n+1 — 
2)(2 2n+1 + 4)/9. Therefore, by Lemma |273| if> must be a common constituent of p and 
p°. Now the lemma follows from Corollary 5.6 of |ST] . □ 

We will show that Tp is irreducible in any case. In order to do that, we need to 
recall some results about Weil characters of unitary groups. The Weil representation 
of SU m (q) with m > 3 and q a prime power is of degree q m . Its afforded character 
decomposes into a sum of q + 1 irreducibles ones where one of them has degree 
(q m + (— l) m g)/(g + 1) and the others have degree (q m — ( — l) m )/(q + 1). These 
irreducible characters are called (complex) Weil characters of SU m (q). Each Weil 
character of SU m (q) extends to q + 1 distinct Weil characters of U m (q) (see Lemma 4.7 
of |TZ] ). All nonlinear constituents of the reduction modulo £ of a complex Weil 
character are called (£-Brauer) Weil characters. It is well-known (for instance, see 
Theorem 16 of [HMJ) that, when £ \ q, any Weil character lifts to characteristic 
and any irreducible Brauer character of degree either (q m + (— l) m q)/{q + 1) or 
(q m — (— l) m )/(q + 1) is a Weil character. The following lemma is a consequence of 
Lemma 4.2 of [TZ] . 

Lemma 6.4. Suppose that I is odd. Then the restriction of a £-Brauer Weil character 
o/^2n+i(2) of degree (2 2n+1 — 2)/3 to £/2n(2) is a sum of two Weil characters of degree 
(2 2 ™-l)/3. 

We note that, when £ = 3, 2 2n ~ 2 = — 2 2n_1 = 1 and therefore WP has only one 
graph submodule U[. 

Lemma 6.5. Suppose £ = 3. Then 

(i) U[ is simple and it occurs as a composition factor of¥P with multiplicity 2. 

(ii) U[ affords the irreducible characterTp. In particular, Tp{l) = dimU[ = (2 2n+1 + 
l)(2 2n -l)/9. 
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Proof. Let S be the set of nonsingular points in V of the form (g + v) where v G 
(ei, e n ). It is easy to see that 

=*£(<*+[*{<*)]) = [n 

Therefore, T(FP) C U x . Moreover, \S\ = 4 n ^ 0. It follows that T(¥P) U[. By 
Proposition 16. 1| U[ is simple and U\ = U[® T(FP), proving the first part of (i). By 
Lemma l2Tlj (U[, U[) = and therefore U[ C U^. Since U\ as well as U[ are self-dual, 
FP/U'i 1 = Hom F (E/J,F) S Hence E/| occurs at least twice composition factor 
ofFP. 

Let Pi and P° be the sets of nonsingular and singular points, respectively, in V\ = 
(ex, e n , fi,...,f n ). Since any nonsingular point in V is either (g), a nonsingular 
point in Vx, or a point of the form (<? + f ) where v is a nonzero singular vector in Vx, 
we have the following isomorphism of F£/2 n (2)-modules: 

FP = F © WPx © 3FP". 

Combining this isomorphism with the structures of FPi given in Table |3] and FP° 
given in Figure 1 of [STJ, we see that p\u 2n (2) has exactly 4 constituents of degree (2 2n — 
l)/3 and at most 15 trivial constituents (FPi has 1 constituent of degree (2 2n — l)/3 
and at most 2 trivial constituents; FP° has 1 constituent of degree (2 2n — l)/3 and at 
most 4 trivial constituents). We notice that the constituents of degree (2 2n — l)/3 are 
Weil characters of U2 n (2). By Lemma |6TB"| ip has 2 constituents of degree (2 2n+1 — 2)/3. 
Again these constituents are Weil characters of G and therefore their restrictions to 
C/2n(2) give us 4 Weil characters of degree (2 2n — l)/3 by Lemma [6.41 We have shown 
that Tp has no constituent which is a Weil character. 

We will prove (ii) by contradiction. Assume that Tp is reducible. By Lemma 16.31 
and the fact that U[ occurs as a composition factor of FP at least twice, Tp must 
have a constituent of degree (2 2n+1 + l)(2 2n — 4)/9 when 3 \ n or degree (2 2n+1 + 
l)(2 2n — 4)/9 — 1 when 3 | n. Therefore all other constituents of Tp are of degree 
< (2 2n+1 + l)/3 + l since <p(l) = (2 2n+1 + l)(2 2n -l)/9. Using Theorem 2.7 of [GMSTj, 
we deduce that these constituents are either linear or Weil characters. The latter case 
does not happen from the previous paragraph. So Tp has at least (2 2n+1 + l)/3 linear 
constituents, contradicting to the fact that p\u 2n (Z) ^ as a ^ m °st 15 trivial constituents, 
provided that n > 3. The case n = 2 can be handled easily by using |Atl2] . □ 

Proof of Theorem II . 1 1 when G = £/2 n +i(2). As described in Table HJ we consider 
the following cases. 

(i) t ^ 2, 3; t \ (2 2n+1 + 1): Then we have |P| = (2 4n+1 + 2 2n ) /3 ^ and therefore 
S{¥P) n T(FP) = {0}. As before, we have FP = T(FP) © f^ 2n _ 2 © U'_ 22n ^, which 
implies the theorem in this case by Propositions 16. II and 16.21 In Table HJ X := U' 22n -2 
and Y := U'_ 22 „-i. 
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(ii) i ^ 2,3; £ | (2 2n+1 + 1): Then T(FP) C S(FP). As before, we have T(FP) n 
U' 2 2n-2 = {0} and therefore, by Proposition 16.11 U' 22n -2 is simple. We also have 
FP = U' 22n -2 © £/_ 2 2n-i. Moreover, Z7_ 2 2n-i is uniserial with composition series C 
T(FP) C C/l 22 „_i C C/_ 2 2„-i and socle series F — F — F, where F := f/i 22n _ 1 /T(FP). 
In Table HX:=?7 22n _ 2 . 

(hi) i = 3; 3 | n: In the context of Lemmas 16.31 and 16.51 here and after, we will 
denote by F, Z, X the simple FG-modules affording the 3-Brauer characters of degrees 
1 ) (2 2 «+! - 2)/3, (2 2n+1 + l)(2 2n - l)/9, respectively. Also, let W be the irreducible 
FG-module affording the character of degrees (2 2n+1 + l)(2 2n — 4)/9 — 1 when 3 | n 
and (2 2n+1 + l)(2 2n — 4)/9 when 3 f n. By Lemma 16751 we may choose X = U[. 

Also from Lemmas 16.31 and 16. 51 when 3 | n, FP has composition factors: F (3 
times), Z (twice), X (twice), and W. Moreover, |P| = (2 4n+1 + 2 2n )/3 ^ and 
therefore FP = T(FP) © S'(FP). It follows that, by Proposition EH X = U[ is the 
socle of S(FP). 

By (12. 4p . we have lm(R\ S (wp°)) — S(FP )/ Kei(R\s(FP°))- Since any nonzero sub- 
module of 5*(FP) has socle X, the quotient S(FP )/ Ker(R\ S (wpo)) also has socle X. 
Inspecting the structure of S^FP ) from Figure 2 of [STJ, we see that the only quo- 
tient of S^FP ) having X as the socle is X — Z — F — W. So, Im(P| S ( FP o)) is uniserial 
with socle series X — Z — F — W. It follows that the self-dual module U^-/U[ has 
a submodule Z — F — W. Notice that U^/U[ has composition factors: Z (twice), F 
(twice), and W, it must have the structure Z — F — W — F — Z. We now can conclude 
that the structure of S(FP) isX-Z-F-W-F-Z-Xby Proposition EU 

(iv) £ = 3; n = 1 (mod 3): Then we have s = (2 4n " 3 - 2 2n ~ 1 )/3 = 0. Therefore by 
Lemma 12.1 [ (Ui,Ui) = or equivalently U% C U^~. In the proof of Lemma [6.51 we 
saw that U x = T(FP) © U[ = F © X. Also, by the self-duality of U u FP/U^ = U x . 
It follows that, by Lemmas 16.31 and 16.51 U^/Ui has composition factors: Z (twice) 
and W. 

We will show that U x /U\ is actually uniserial with socle series Z — W — Z. Suppose 
not, so that W is a submodule of /U\. The self-duality of U x /U\ then implies that 
W is a direct summand of U^jUy. By Proposition 16.11 any nonzero submodule of 
FP which is not T(FP) has X = U[ in the socle. Therefore, by fl2~3}, FP°/KerP = 
Im(P) has the socle containing X. Inspecting the submodule lattice of FP° given in 
Figure 2 of |STj . we conclude that Im(P) has the socle series X — Z — (F © W). This 
shows that W cannot be a direct summand in U^/Ui, a contradiction. 

We have shown that /U\ is uniserial with socle series Z — W — Z. Now we 
temporarily set Fi := T(FP) and F 2 := FP/S(FP) = U^/Uf. From the previous 
paragraph, FP has a submodule Im(P) with socle series U[ — Z — (F © W) and the 
fact that Ui = F x © U[, Im(P) must be X - Z - (F 2 © W). Arguing similarly, FP 
has a quotient having the socle series (Fi © W) — Z — X. The structure of FP is now 
determined as given in Table HI 
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(v) t = 3;n = 2 (mod 3): Then \P\ = (2 4n+1 + 2 2n )/3 ^ and therefore WP = 
T(¥P) © S(¥P). It follows that S'(FP) has composition factors: F, X (twice), Z 
(twice), and W by Lemmas 16.31 and I6T51 

Proposition 16.11 implies that X is the socle of S(¥P). By Lemma 12.41 and the 
self-duality of S(FP), the top layer of the socle series of S(FP) is (isomorphic to) 
X and hence any nontrivial quotient of S(¥P) has the top layer X. From (12. 3p and 
Lemma |2~2| we have lm(Q\s(wp)) — S(FP)/ Kei(Q\s(wp))- It follows that X is the top 
layer of the socle series of lm(Q\s(wp)) Q S(FP°). Inspecting the submodule lattice 
of FP° given in Figure 2 of [ST], we see that Im(Q| s(FP) ) must be (F © W) - Z - X. 
In other words, S(FP) has a quotient isomorphic to (F © W) — Z — X. 

By self-duality of X — U[ and S(FP), U^/U[ is self-dual and has composition 
factors: Z (twice), F, and W. If either F or W is a submodule of U^/U[, it would 
be a direct summand in U^~/U[, which contradicts the conclusion of the previous 
paragraph. So Z must be the socle of /U[ and therefore the socle series of U± /U[ is 
Z-(W@W)-Z. Finally, we obtain the socle series of S(WP): X-Z-(W@W)-Z-X, 
as described. □ 
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